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Abstract
Recently it has been speculated that a set of diffeomorphisms exist which act non-
trivially on the horizon of some black holes such as kerr and Kerr-Newman black hole.
Using this symmetry in covariant phase space formalism one can obtains conserved
charges as surface integrals on the horizon. Kerr-Bolt spacetime is well-known for its
asymptotically topology and has been studied widely in recent years. In this work we
are going to study Kerr-Bolt black hole and provide a holographically describtion of it
in term of warped confromal field theory.
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1 Introduction
Not many decades ago, Vafa and Strominger have deriven the microscopic entropy of five-
dimensional extremal BPS black holes in the context of string theory [1, 2]. It soon became
clear that the string theory was not the key feature as well as the fact that the conformal
symmetry play a central role in their achievement. In fact, Ads factor which appears in the
near horizon geometry is the reason of conformal symmetry, and then AdS/CFT help us to
understand this agreement.
The story has got even more interesting when Castro et. al [3] introduced hidden confor-
mal symmetry of black hole. They have expanded the notion of explicit conformal invariance
associated to the near horizon AdS3 geometry to the hidden one on the Kerr background.
In fact Kerr black hole with mass M and spin J has a hidden conformal symmetry which
is made manifest when considering near region in the phase space rather than spacetime[3].
It is also worhtpointing out that the hidden conformal symmetry of many others balck hole
has been studied widely in recent years [4, 5, 6, 7].
On the other hand, two sets of Virasoro diffeomorphisms acting non trivially on the Kerr
horizon was introduced recently [8]. Covariant phase space was used there to produce the
central charge cL = cR = 12J . Using the Cardy formula in a CFT2 as
SCardy =
π2
3
(cLTL + cRTR)
along with right-moving and left-moving temperature in [3], authors in [8] could interestingly
reproduce Bekenstein-Hawking area law of the Kerr black hole.
seeking an alternative description of Kerr black hole, authors in [9] have suggested warp
confromal symmetry. They examine this significant question of whether the traditional
Ads/CFT description of Kerr black hole is unique? The answer is no.
In recent years, another holographic plan has been in progress in which the geometries is
no longer a local SL(2, R)× SL(2, R) symmetry and also its dual field theory is not CFT2.
This plan provides a new type of field theories which is called warped conformal field theory
(WCFT) [10, 11]. Generally, in contrast to CFTs, which have both independent right and
left scaling symmetry in the light cone coordinate, i.e.
x− → λx−
x+ → λx+
WCFTs are required to be invariant only under left scaling translation. These symmetries
were studied in [11] and reveal the following conclusions. A 2d translation-invariant theory
with a chiral scaling symmetry must have an extended local algebra. There are two minimal
options for this algebra. One is the usual CFT case with two copies of the Virasoro algebra.
The other possibility is one Virasoro algebra plus a U(1) Kac-Moody algebra. The last one
is called a Warped Conformal Field Theory [11].
Kerr black hole, apart from usual CFT2 description, could be described in term of WCFT
and reproduce Bekenstein-Hawking entropy. In the following work, we are going to study
1
behavior of the Kerr-Bolt black hole, which is well-known for its asymptotically topology
and has been studied widely in recent years [12], in term of WCFT.
Our study is organized as following sections: In the first section we take a brief look
at the warped conformal symmetry. In the second section Kerr-Bolt spacetime will be
introduced briefly as well as its hidden conformal symmetry. And finally in the last section
we will expand Kerr-Bolt metric in the conformal coordinate and look into the its warped
symmetry. In this section we also use the covariant phase space formalism to calculate
conserved charge associated to the warped symmetry and we will show our proposal about
holographic description of Kerr-Bolt black hole in term of WCFT.
2 Warped conformal symmetry
There are at least four global symmetries associated to the 2D Poincare and scale invariant
quantum field theory which act on the light cone coordinate (x± = x± t) as
x− → x− + a , x+ → x+ + b
x− → λ−x− , x+ → λ+x+ (2.1)
If unitarity and discrete spectrum of the dilation operator for λ+ = λ− add to the above
transformations, it was shown in [13] that the four global symmetries are enhanced to left
and right infinite-dimensional conformal symmetries. Warped conformal field theory is arisen
form the special case in which there are three global symmetries: two translational and a
chiral left dilational. Authors in [10] were studied these symmetries and shown adding local-
ity, unitary and a discrete non-negative dilational spectrum but not Lorentz invariance are
sufficient to conclude that at least there are two infinite-dimensional sets of local symmetries.
Now consider the two operators as
Ln = − i
2π
∫
dx−ζ(x−)T (x−) , Pn = − 1
2π
∫
dx−ξ(x−)P (x−) (2.2)
Choosing functions ζn = (x
−)n+1 and ξn = (x
−)n it could be shown that L−1 is the left
moving translation while Pn parameterize the U(1) Kac-Moody current algebra [10]. The
algebra and Ln and Pn commutation relations are obeyed a Virasoro-Kac-Moody algebra:
[Ln, Lm] = (m− n)Lm+n + c
12
n(n2 − 1)δm+ n
[Ln, Pm] = mPn+m (2.3)
[Pn, Pm] = k
n
2
δm+n (2.4)
where c and k are central charge. These generator both can be used to provide entropy via
WCFT partition function. See [9] for more detail on this subject.
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3 Hidden conformal symmetry of the Kerr-Bolt black
hole
We begin with Kerr-Bolt geometry. The Kerr-Bolt spacetime with NUT charge p and rota-
tional parameter a, is given by the line element
ds2 = −∆(r)
ρ2
[dt+ (2p cos(θ)− a sin2(θ))dφ]2 + sin
2(θ)
ρ2
[adt− (r2 + p2 + a2)dφ]2
+
ρ2
∆(r)
+ ρ2(dθ)2, (3.1)
where
ρ2 = r2 + (p+ a cos(θ))2, (3.2)
∆(r) = r2 − 2Mr + a2 − p2. (3.3)
The Kerr-Bolt spacetime (3.1) is exact solution to Einstein equations. The inner r− and outer
r+ horizons of spacetime (3.1) are r=M −
√
M2 + p2 − a2 and r+ = M +
√
M2 + p2 − a2.
To reveal the hidden conformal symmetry of the Kerr-Bolt metric, we consider massless
scalar field in the Kerr-Bolt background and then focus on its near region behavior. The
Klein-Gordon (KG) equation for the massless scalar field Φ
Φ =
1√−g∂µ(g
µν∂ν)Φ = 0, (3.4)
can be separated as
Φ(t, r, θ, φ) = exp(−imφ + iωt)S(θ)R(r). (3.5)
Then, the equation (3.4) reduces to
[∂r(∆(r)∂r) +
1
sin θ
∂θ(sin θ∂θ)− (C(θ)ω +m)
2
sin2 θ
+
(D(r)ω −ma)2
∆(r)
]S(θ)R(r) = 0, (3.6)
where the functions C(θ) and D(r) are given by
C(θ) = 2n cos(θ)− a sin2(θ), (3.7)
D(r) = r2 + n2 + a2. (3.8)
The separated equation for S(θ) is given by
[
1
sin(θ)
∂θ(sin(θ)∂θ) + f(θ)]S(θ) = −λS(θ), (3.9)
where
f(θ) =
−4n2ω2 −m2 − 4mnω cos(θ)
sin2(θ)
+ a2ω2 cos2(θ) + 2naω2 cos(θ) (3.10)
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and λ is the separation constant. Considering the near region of geometry, i.e.
ωM, ωn ≪ 1, (3.11)
r ≪ 1
ω
, (3.12)
the angular equation (3.9) significantly simplifies as [7, 3]
[
1
sin(θ)
∂θ(sin(θ)∂θ)− m
2
sin2θ
]S(θ) = −l(l + 1)S(θ). (3.13)
as well as the radial part of KG equation becomes
[∂r(∆∂r) +
−4Mmarω+m2a2−4n2maω
∆(r)
+ (∆ + 4(Mr + n2)− a+ 4n)ω2]R(r) = l(l + 1)R(r),
(3.14)
Conformal coordinate come in handy to show SL(2, R) × SL(2, R) symmetry of the near-
region scalar field equation in the Kerr-Bolt background more explicit. Confromal coordinate
(ω±, y) in the Kerr-Bolt space time defines as
ω+ =
√
r − r+
r − r− exp(2πTRφ+ 2nRt), (3.15)
ω− =
√
r − r+
r − r− exp(2πTLφ+ 2nLt), (3.16)
y =
√
r+ − r−
r − r− exp(π(TR + TL)φ+ (nR + nL)t), (3.17)
where
TR =
r+ − r−
4πa
, TL =
r+ + r−
4πa
+
n2
2πaM
, (3.18)
and nR = 0, nL = − 14M . Now we define right and left moving vector field as
H1 = i∂+, H0 = i(ω
+∂+ +
1
2
y∂y), H−1 = i((ω
+)2∂+ + ω
+y∂y − y2∂−), (3.19)
and
H¯1 = i∂−, H¯0 = i(ω
−∂− +
1
2
y∂y), H¯−1 = i((ω
−)2∂− + ω
−y∂y − y2∂+), (3.20)
respectively. Some algebraic calculations show that the vector fields (3.19) satisfy the
SL(2, R) algebra [7]
[H0, H±1] = ∓iH±1, [H−1, H1] = −2iH0, (3.21)
and similarly for H¯1, H¯0 and H¯−1. The Casimir operator H
2 = −H20 + 12(H1H−1 +H−1H1)
(as well as the other Casimir operator H¯2) reduces to the radial equation (3.14),
H2R(r) = H˜2R(r) = l(l + 1)R(r) (3.22)
It is important to note that above symmetry is only a local SL(2, R)L × SL(2, R)R hidden
conformal symmetry. To be more accurate, vectors in (3.21) which generate the SL(2,R)
symmetries are not periodic under φ ∼ φ+ 2π identification and so are not globally defined
[3, 7].
4
4 Warped symmetries in the Kerr-Bolt geometry
Conserved charge associated to the certain symmetry has long story in the general relativity.
Wald and his team have made many efforts to clarify the matters [14, 15, 16]. They have
introduced the concept of covariant phase space by which one can evaluate the conserved
charge associated to any symmetry in the gravitational theories. We will introduce a set
of diffeomorphisms which act in the near horizon geometry of the Kerr-Bolt black hole,
and study the linearized charges associated to them, by using Wald method. Consider the
following vectors
ζ(ǫ) = ǫ(w+) ∂+ +
1
2
∂+ǫ(w
+) y∂y ,
p(ǫˆ) = ǫˆ(w+) (w−∂− +
y
2
∂y) , (4.1)
where ǫ and ǫˆ are arbitrary functions of w+. which restrict such that the vector fields (4.1)
are periodic under φ ∼ φ+ 2π. A complete set of such functions is
ǫn = 2πTR(w
+)
1+ in
2piTR , ǫˆn′ = (w
+)
in
′
2piTR , (4.2)
It is easy to show that above vectors satisfy following communication relations:
i[ζm, ζn] = (m− n)ζm+n ,
i[ζm, pn] = n pm+n ,
i[pm, pn] = 0 , (4.3)
which is a Virasoro-KacMoody (VKM) algebra without any central charge. To leading and
subleading order around the bifurcation surface, the Kerr-Bolt metric in (3.1) becomes
ds2 =
4ρ2+
y2
dw+dw− +
16J2 sin2 θ
y2ρ2+
dy2 + ρ2+dθ
2
− 2w
+(8πJ)2TR(TR + TL) + p(64πaTRJ cos θ)
y3ρ2+
dw−dy
+
8w−
y3ρ2+
(
A+B
)
dw+dy
+ · · · ,
(4.4)
where
A = −(4πJ)2TL(TR + TL) + (4J2 + 4πJa2(TR + TL) + a2ρ2+) sin2 θ
B = −4pa cos θ(m2 + p2 + 1/2ρ2+) (4.5)
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and here ρ+ is given by
ρ2+ = r
2
+ + (p+ a cos(θ))
2 = (m+
√
−a2 +m2 + p2)2 + (p+ a cos(θ))2 (4.6)
The conserved charge associated to the VKM algebra as well as any others has two parts,
the first refers to the Iyer-Wald charge, i.e. δQIW , while the second is Wald-Zoupas charge,
i.e. δQWZ . So the conserved charge reads as:
δQ(ζ, h, g) = 1
16π
(δQIW (ζ, h, g) + δQX(ζ, h, g))
=
1
16π
∫
Σbif
∗FIW + 1
16π
∫
Σbif
ζ · (∗X) (4.7)
where
FIWab =
1
2
∇aζbh +∇ahcbζc +∇cζa hcb +∇chca ζb −∇ah ζb − a↔ b. (4.8)
and X is a one-form constructed from the geometry of the spacetime as follow [8]
X = 2dxah ba Ωb . (4.9)
where
Ωa = q
c
an
b∇clb . (4.10)
Two vectors la and na are normal to the future and past horizon respectively and have been
chosen so that l ·n = −1. We also consider qab = gab+lanb+nalb as the induced metric on the
bifurcation surface [8]. It must be noted that all above integrals are taken over bifurcation
surface.
Assuming integrability, the conserved charge associated to these symmetries also form
an algebra under dirac braket:
{Qn,Qm} = (m− n)Qm+n +Km,n, (4.11)
where the central extension is given by [14]
Km,n = δQ(ζn,Lζmg; g). (4.12)
There are three different central charges that related to the KMV algebra. First of all is the
Virasoro charge. We have shown in the previous work [20] that Virasoro generator obeys
the following algebra:
[Ln, Lm] = (m− n)Lm+n +Km,n , Km,n = δQ(ζn,Lζmg; g) , (4.13)
where
δQ(ζn,Lζmg; g) = δQIW(ζn,Lζmg; g) + δQWZ(ζn,Lζmg; g)
δQIW(ζn,Lζmg; g) = 2J
TR
TL + TR − α
(
(2πTR)
2m+m3
)
δn+m , (4.14)
δQWZ(ζn,Lζmg; g) = J
TL − TR − α
TL + TR − α
(
(2πTR)
2m+m3
)
δn+m ,
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where α is the constant and defines by α = p
2
2piMa
. Adding up the above two parts, we obtain
the following central charge associated to the Virasoro algebra:
Km,n = J m
3 δn,−m , (4.15)
Another conserved charge is the Kac-Moody conserved charge which turns out as
[Pn, Pm] = km,n , km,n = δQ(pn,Lpmg; g) . (4.16)
where
δQ(pn,Lpmg; g) = δQIW(pn,Lpmg; g) + δQWZ(pn,Lpmg; g) (4.17)
Carrying out some calculations, we find out that the only nonzero component of F ab tensor
in (4.8) that contributes to the δQIW charge is F−y so
δQIW(pn,Lpmg; g) =
1
16π
∫
Σbif
∗FIW = −2J TL − α
TL + TR − αmδn+m . (4.18)
Follow the same steps as mentioned in [8, 20] we get the following result:
δQWZ(pn,Lpmg; g) =
1
16π
∫
Σbif
ζ · (∗X) = J TL − TR − α
TL + TR − αmδn+m , (4.19)
and then
km,n = −J mδn,−m . (4.20)
Finally, we analyses the mixed central charge for the KMV algebra in the Kerr-Bolt back-
ground and find out
δQIW(ζn,Lpmg; g) = iJ
TR − TL − α
TL + TR − α
(
im(2πTR) +m
2
)
δn+n ,
δQWZ(ζn,Lpmg; g) = −iJ
TR − TL − α
TL + TR − α
(
im(2πTR) +m
2
)
δn+n , (4.21)
which cancel each other and hence
Km,n = 0 (4.22)
At a glance, our achievements could be listed as:
[Ln, Lm] = (m− n)Lm+n + c
12
m3δn,−m ,
[Ln, Pm] = mPn+m ,
[Pn, Pm] = k
m
2
δn,−m , (4.23)
with
c = 12J , k = −2J . (4.24)
which explicitly shows central charges associated to the Virasoro-KacMoody algebra depend
on the angular momentum of the Kerr-Bolt black hole. This results also support the our
proposal that the Kerr-Bolt black hole could be described holographically in terms of a
warped conformal field theory.
7
5 Discussion
In this paper we have shown that warped conformal field theory could be a holographic
description of the Kerr-Bolt black hole. Previously we have considered the four-dimensional
spacetimes with rotational parameter and NUT twist and have shown they have a hidden
conformal symmetry [21]. The spacetimes with NUT twist have been studied extensively
in regard to their conserved charges, maximal mass conjecture and D-bound in [12]. After
a brief look at the warped conformal symmetry, we have introduced Kerr-Bolt spacetime
as well as its hidden conformal symmetry. Then we have expanded Kerr-Bolt metric in
the conformal coordinate and have looked into the its warped symmetry. We have used
the covariant phase space formalism to calculate conserved charge associated to the warped
symmetry and we have shown our proposal about holographic description of Kerr-Bolt black
hole in term of warped conformal field theory.
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